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Abstract
We study the eect of magnetoplasmons on the drag resistance in a strong magnetic eld,
at nite temperatures. The typical magnetic eld is about 1T, and the temperature is up to
10K. The Landau levels are broadened by disorder, but well separated in energy. We discuss
intra-Landau-level magnetoplasmons, with low frequencies, below !
c
, and inter-Landau-level
magnetoplasmons (also called Bernstein modes), with high frequencies, close to multiples of !
c
.
We compare the temperature dependence of the minima and maxima of the Shubnikov-de Haas
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I. INTRODUCTION
Coulomb drag is an interesting transport eect stemming from many-body interactions be-
tween two systems of charge carriers in close proximity. More specically, we can consider a
typical experimental situation of two two-dimensional (2D) electron gases parallel to each other
and separately contacted. When one of the layers is subjected to an external current, the elec-
trons in the other layer are dragged because of the long-range Coulomb forces. In practice no
current is allowed to ow in the second layer and the so-called drag voltage is measured [1]. The
experiments performed on GaAs double quantum well electron and electron-hole systems [2{5]
measure the transresistance in dierent temperature regimes. The eect of phonons, plasmon
excitations, and disorder have been studied.
In the presence of a magnetic eld perpendicular to the 2D electron gases, the situation
becomes even richer because of the interplay between screening, disorder, and magnetic eld
eects, as well as the possibility of probing the quantum Hall eect regimes. The experimental
results of Hill et al. [6] and Rubel et al. [7] revealed an interesting double peak structure in
transresistivity which was theoretically predicted by Bnsager et al. [8]. Patel et al. [9] and Feng
et al. [10] found negative drag in the regime of the fractional quantum Hall eect, when the
upper Landau level of one layer is more than half lled while the other is less than half lled,
which was argued to be a consequence of disorder and the existence of the hole-like dispersion
relation. Theoretical work [8,11,12] on magneto-drag was devoted to understand the magnetic
eld and temperature dependence of transresistance in a broad range of parameters. Coulomb
drag measurements in the integer and fractional quantum Hall eect region are also reported
[10,13] leading to an intense theoretical activity [14{16].
In this paper we revisit the eect of magnetoplasmons on the drag resistivity under strong
magnetic elds. It is known that the plasma oscillations increase the interaction between the
two electron layers, both in the absence [17], and in the presence [8,11,12] of a magnetic eld.
In particular, in magnetic eld, the plasma oscillations have many modes, and thus their role
becomes more complicated. Bonsager et al. [8] did not study the structure of the plasma oscil-
lations. This was to some extent done by Wu et al. [11] who discussed the splitting due to the
interaction between the two electron layers. Recently, Khaetskii and Nazarov [12] derived an-
alytic expressions for the transresistance, capturing the combined plasmon and disorder eects
for several situations with moderate magnetic elds.
The eect of the plasmons on the transresistance is however very implicit, captured in
spectral integrations, and diÆcult to understand. In addition to the mentioned works, in the
present paper we perform numerical calculations, and we distinguish the variation of the tran-
sresistance stemming from the magnetoplasmons, by cutting o the corresponding peaks of the
inverse dielectric function. We use the approach proposed in Ref. [8]. We also wish to make a
clear distinction between the collective modes generated by the single-particle excitations be-
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tween dierent Landau levels, also known as Bernstein magnetoplasmons, and the collective
modes generated by single-particle transitions within the same Landau level. The Bernstein
(interlevel) modes have frequencies given by multiples of the cyclotron frequencies, while the
intralevel modes have frequencies below the cyclotron frequency. Thus, the enhancement of the
transresistance at low temperatures is due to the intralevel modes.
In the rest of the paper, we rst outline the formalism to calculate the drag resistivity in
the presence of a perpendicular magnetic eld and disorder. We then analyze the contribution
of magnetoplasmons in various examples for a range of parameters. We conclude with a brief
summary.
II. THE DRAG RESISTANCE
The Coulomb drag rate for double-layer systems has been derived through a variety of
theoretical approaches [1,17] ranging from memory function formalism, Boltzmann transport
theory, to diagrammatic perturbation theory methods. Our starting point is the formula for the























































denote the electron densities in the layers 1 and 2, respectively, and T is




=(q) exp( qd) is the Fourier transform of the
Coulomb-interaction potential of the electrons in one layer with those in the other layer,  being





are the individual susceptibilities (density response functions) of the electron layers,
and "
12















(q; !) : (2)
Also in the RPA, the single-layer dielectric function is
"
1;2
(q; !) = 1  u(q)
1;2
(q; !) ; (3)
where u(q) = 2e
2
=(q). As we shall discuss below 
1;2
(q; !) appearing in the above expressions
are functions of temperature T , and magnetic eld B.
III. LANDAU LEVEL BROADENING, DIELECTRIC SUSCEPTIBILITY, AND
MAGNETOPLASMONS




























is the self-energy associated with the interaction of
the electrons with impurities. Here we consider (E)

a simple complex number (and not a true
operator), i. e. independent of the Landau-level index n. This ansatz corresponds to the self-
consistent Born approximation (SCBA), with a delta-function model for the electron-impurity



















































), and it is shown in Fig. 1 for a typical situation of interest. In this scheme
all the Landau levels have the same energy broadening,  = 4 . The material parameters are




,  = 12:4, and we assume spin degeneracy.

























(E   h!) +G
 
m
(E + h!)] ; (8)
where F is the Fermi function, ` =
p
























(x) the associated Laguerre polynomials [20]. Eq. (8) is the polarization loop (also known
as Lindhard formula), but with Green functions dressed with the electron-impurity self energy,
here within the SCBA given by Eq. (5). We thus neglect the corresponding vertex corrections.

















as given by Bnsager et al. [8]. As long as the Landau-level broadening
is not too large, 
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our range of wave vectors. For more discussions on the vertex corrections see also [8,12].
If the energy-dependent self energy, Eq. (5), is reduced to a constant adiabatic parameter ,

























  h! + i
; (10)
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which is a form quite often used for describing the electromagnetic absorption in quantum
nanostructures in strong magnetic elds [21]. In Eq. (10) we see only the inter Landau level
(virtual) transitions, n 6= m, contributing to the dielectric response. The plasma oscillations,
with dispersion !(q) obtained from "(q; !) = 0, form a series of modes, known as Bernstein
modes, with frequencies given by multiples of cyclotron frequency, jm   nj!
c
, plus an electric
blue shift. Such dispersion laws are shown in Fig. 2. In the present context we shall call the
Bernstein plasmons interlevel modes. In the limit q ! 0, the lowest Bernstein mode has the












Suppose the Landau levels have no disorder broadening. In this case an intralevel component
of the dielectric response, i. e. given by single-particle transitions within the same Landau level,
can be obtained only in the static regime, ! = 0, by assuming thermodynamic equilibrium [22]























where  is the chemical potential. This component of the dielectric susceptibility is responsible
for the nonlinear screening and the appearance of the compressible and incompressible edge
strips in the two-dimensional electron gas in strong magnetic elds, at low temperatures [23].
A nontrivial treatment of the disorder eect, as in Eq. (8), combined with the broadening of
the Landau levels, allows however both intralevel and interlevel types of dielectric response, at
nite frequencies, ! 6= 0. The intralevel collective excitations have frequencies ! < !
c
, whereas
the interlevel modes have ! > !
c
. Because of damping, described by Im(q; !), the plasma
oscillations are no longer zeros of "(q; !). However they can be seen as peaks of 1=j"(q; !)j,
around the frequencies where both Re " and Im " vanish. This is shown in Fig. 3(a), for one
layer, with the parameters mentioned in the caption. The peak of 1=j"(q; !) at !  0:5!
c
corresponds to the intralevel mode, and those at !  1:7!
c
and !  2:6!
c
to the rst two
interlevel (Bernstein) modes. The height of the peaks depends on q and on the magnetic eld.
In particular, the height of the intralevel peak also depends on the lling factor : it reaches
a maximum when  is in the middle of a Landau level, i. e. close to an odd  (6.8 in our
example), and vanishes for even values, when  goes into an energy gap, if the temperature
is much lower than the gap width. The frequency is approximately equal to the width of the
Landau level, =h = 0:44!
c
. In Fig. 3(b) we repeat the same plot with an increased disorder,
from  = 0:2 (meVT)
 1=2
to  = 0:3 (meVT)
 1=2
. The plasmon peaks decrease, as expected.
Although the real and imaginary parts of the dielectric function do not change very much, they
no longer vanish at close frequencies (or they may not vanish at all for an even stronger disorder).
In Fig. 3(c) we show the inverse dielectric function for the double layer, Eq. (2), corresponding
to Fig. 3(a). We take d = 25 nm for the layer separation, which is xed for all calculations. Each
mode of a single layer splits into two modes of the coupled layers, one with the charge in each
layer oscillating in phase and the other one out-of-phase [11]. The higher the frequency, the
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bigger the splitting, such that the splitting of the intralevel mode is not clearly resolved for our
parameters, and only a small lateral shoulder can be observed in Fig. 3(c). Furthermore, the
dispersion of the intralevel peak of j"
 1
12
(!; q)j can be seen in Fig. 3(d), as a function of both !
and q. The collective mode merges rapidly into the single-particle-excitation background and
vanishes with increasing wave vector. As mentioned before, the intralevel peak vanishes for
integer lling factors, at low temperatures, but it may still develop with increasing temperature.
IV. THE MAGNETOPLASMONS AND THE TRANSRESISTANCE
In Fig. 3(c) we also show the integrand in the q-integral of Eq. (1) as a function of !. The
function 1= sinh
2
(h!=2T ) decays exponentially for h! > T . Although here T=h!
c
= 0:068,
the real frequency cut-o is shifted to much higher values, because of the intralevel peak which
increases the eective dynamically screened interaction in Eq. (1). Therefore, even at experimen-
tally low temperatures, one expects the inuence of magnetoplasmons on the transresistance,
and thus a nontrivial increase with T . [8,11,12]
In Fig. 4 we show the analogue of the Shubnikov-de Haas (SdH) oscillations, for the transre-
sistance, for several temperatures. They reect the oscillations of the density of states, shown
in Fig. 1, but through the dissipative part of the susceptibility, Im(q; !), at low frequencies. In
Fig. 4(a) we xed the disorder parameter, and we varied the temperature. When the magnetic
eld increases, as long as the Fermi level is inside a Landau level, the intralevel electrostatic
screening (determined by the dielectric susceptibility given in Eq. (11)), also increases, and thus
the eective interlayer coupling decreases. This is the explanation for the slight minima in-
side the rightmost SdH peaks. This eect has been calculated in detail [8] and observed in
experiments [6,7].
In Fig. 4(b) the temperature is xed, T = 4 K, and the disorder parameter is varied. As
expected from the evolution of the plasmon peaks of the dielectric function with the disorder
parameter, the transresistance decreases with increasing disorder. Such behavior is opposite to
that of the ordinary magnetoresistance, which increases with increasing disorder. In Fig. 4(b)




, with the dash-dotted
line. Deep minima are observed for the magnetic elds corresponding to integer lling factors
in each layer separately, much deeper than the minima produced by the screening eect. (For









have B = 6:23 T.)
The temperature dependence of the SdH maxima and minima is qualitatively dierent at low
temperatures, because of the presence, and respectively the absence of the intralevel dissipation





(q; !), for ! < !
c
, see the dash-dotted lines of Figs. 3(a)-3(b), vanish for integer
lling factors, and therefore the transresistance is suppressed at low temperatures, according
6
to Eq. (1). This is shown in Fig. 5 for  = 8. Slightly changing the magnetic eld towards a
SdH maximum, e. g. to  = 8:2 or to  = 7:6 the transresistance is strongly enhanced at low
temperatures by the presence of intralevel dissipation, and also by the low-frequency plasmons.
The eect of the Bernstein modes appears at T  3   4 K, enhancing the interlayer eective
Coulomb interaction, and consequently the transresistance 
12
increases nonlinearly. The onset
of the intralevel plasmons is in the vicinity of the rst inection point on the curves in Fig. 5,
and the interlevel modes start playing a role close to the second inection point.
In order to better understand the contribution of the magnetoplasmons in the transresistance,
we have cut the peaks of the inverse dielectric function "
 1
12
(q; !) in the numerical integration of
Eq. (1), by replacing "
 1
12
(q; !) with min[; "
 1
12
(q; !)] with  = 0:05. The results are displayed
in Fig. 6 for various parameters. With squares we show the numerical results for 
12
with cuto
for all frequencies, i.e. removing all the plasma modes, and with circles with cuto only for
! > !
c
, i.e. removing only the Bernstein modes. Evidently, such a procedure does not remove
only the plasma modes, but also some eects of the single-particle excitations, see for instance
Fig. 3(d). For comparison we have considered in Fig. 6 two values of the disorder parameter,
consistent with the previous examples. As expected, with increasing disorder the eect of the
collective modes becomes weaker. For integer lling factors, Fig. 6(c) and (d), the intralevel
modes do not exist at low temperatures, so we see no change in the transresistance for T < 3 K
when we remove all peaks (the traces with squares), but we see an eect at higher temperatures.
Indeed, removing only the interlevel modes, the deviations from the complete results are smaller
on our temperature interval (the traces with circles).
Finally, in Fig. 6 (e) and (f) we show the results for dierent densities, corresponding to a
minimum of the Shubnikov-de Haas oscillations at B = 1:867 T, shown in Fig. 4(b) with the





the temperature dependence of 
12
is similar to that when both lling factors are integer. Of
course, the absence of the dissipation in one layer, Im "
1
(q; !) = 0, is enough to suppress
the transresistance, according to Eq. (1). Due to the higher cyclotron frequency, the eect of
the Bernstein modes can be observed only at temperatures higher than those in the previous
examples.
V. SUMMARY AND CONCLUSIONS
In summary, we have calculated numerically the transresistance and we have illustrated
with several examples the eect of magnetoplasmons at low temperatures and a high magnetic
eld such that only a few Landau levels are populated. With increasing temperature, but
still in the experimentally low-temperature regime, rst the intralevel, and then the interlevel
magnetoplasmons, increase the eective Coulomb coupling between the electron layers, and
hence the transresistance. The temperature dependence of the minima and of the maxima of the
7
SdH oscillations is completely dierent, because of the presence and absence, respectively, of the
intralevel dielectric response. We have discussed how transresistance decreases with increasing
disorder which in our model calculations are taken to be the broadening parameter. To nd
out the eect of the collective modes we have introduced a cuto parameter in the numerical
calculations of the transresistance. For the temperature range considered, we nd an increase
of the transresistance up to 50% due to the magnetoplasma modes.
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Fig. 1
Fig. 1: A typical density of states for the rst six Landau levels. Here B = 0:94T, and
 = 0:2 (meVT)
 1=2
















Fig. 2: The dispersion relation for the rst three Bernstein modes. Here B = 1:1 T, and the
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, q = 0:3=`,
T = 1:5 K, and d = 25 nm. (a) For a single layer, Re "(q; !) with the dashed line, Im "(q; !)
with the dashed-dotted line, 1/j"(q; !)j with the full line and multiplied by 10, with the disorder
parameter  = 0:2 (meVT)
 1=2
; the thin dotted line shows the zero axis; (b) the same, but
with  = 0:3 (meVT)
 1=2
; (c) The inverse dielectric function for the double layer, with the full
line, and also, in arbitrary units, the integrand of the q-integration of Eq. (1), with the dashed
line, both corresponding to  = 0:2 (meVT)
 1=2
; (d) A detailed dispersion of 1/j"
12
(q; !)j of (c)
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Fig. 4: The Shubnikov-de Haas oscillations of the transresistance 
12
. (a) For temperatures








and  = 0:2 (meVT)
 1=2
. The leftmost minimum
corresponds to  = 8 and the rightmost to  = 2. (b) For a xed temperature, T = 4 K, but
with three disorder parameters, (see the legend). The solid and dashed lines are for the same





































Fig. 5: The temperature dependence of the transresistance for various positions in the SdH
oscillations, corresponding to slightly dierent values of the magnetic eld:  = 8:2 (B =
0:911 T),  = 8:0 (B = 0:934 T),  = 7:6 (B = 0:983 T),  = 6:8 (B = 1:1T). The other





















































































Fig. 6: The temperature dependence of the transresistance, with and without the collective
modes as a function of temperature. The solid lines indicate results including the plasmons,
squares thise after excluding all plasma modes, and circles after excluding only the interlevel









 = 6:8 (B = 1:1 T),  = 0:2 (meVT)
 1=2
; (b) like (a), but with  = 0:3; (c) and (d) like
(a) and (b), but for  = 8:0 (B = 0:934 T); (e) for dierent densities, n
1















= 3:3), corresponding to a minimum of

12
, see the dash-dotted line of Fig. 4(b); (f) like (e), for  = 0:3.
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